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Abstract. Let M be an irreducible normal algebraic monoid 
with unit group G. It is known that G admits a Rosenlicht de- 
composition, G = GantGaff ^ (Gant X Gaff) /Gaff H Gant , whcre 

Gant is the maximal anti-affine subgroup of G, and Gaff the max- 
imal normal connected affinc subgroup of G. In this paper we 
show that this decomposition extends to a decomposition M = 
GantM aff ^ Gant *Gaff nGa„t ^4ff : whcrc Maff is the affine submonoid 
Ms,ff = GafT- We then use this decomposition to calculate 0{M) in 
terms of ©(Maff) and Gaff, Gant C G. In particular, we determine 
when M is an anti-afhne monoid, that is 0{M) = k. 



1. Introduction 

The theory of affine algebraic monoids has been investigated exten- 
sively over the last thirty years. See [HI [121 IB] for different accounts 
of these developments. More recently there has been some important 
progress on the structure of non-affine algebraic monoids. By general- 
izing a classical theorem of Chevalley, the authors of ^ prove that any 
normal algebraic monoid is an extension of an affine algebraic monoid 
by an abelian variety. This allows one to analyze the structure of such 
monoids in terms of more basic objects: affine monoids, abelian vari- 
eties and anti-affine algebraic groups. 

To state our results we first introduce some notation. Let Ik be an 
algebraically closed field. We work with algebraic varieties X over 
k, that is, integral, separated schemes over k. An algebraic group is 
assumed to be a smooth group scheme of finite type over k. If X is 
an algebraic variety we denote by 0{X) the ring of regular functions 
on X. If X is an affine variety and I C 0{X) is an ideal, we denote 
by V(/) = {x e X : f{x) = V/ G /}; if r C X is a subset, we 
denote by J(Z) ={/ e C»(X) : f{y) = OV?/Gr}. IfXis irreducible 
we denote by k(X) the field of rational functions on X. If A is any 
integral domain we denote by [A\ its quotient field. Hence, if X is an 
irreducible affine variety then k(X) = [(9(X)] . 
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Let M be a connected, normal, algebraic monoid with unit group G 
(see Definit ion 12 . 1 1 below) . The original motivation for this paper was 
to investigate the following basic question, first posed by M. Brion. 

"How does one describe 0{M), and when is it finitely generated?" 

Although we do not answer this question completely, we obtain many 
remarkable results about 0{M). 

Let M and G be as above. By the results of |6j, if ac : G — > A is 
the unique Albanese morphism of G such that acilc) = Oa (note the 
additive notation for A), then there exists a unique morphism om '■ 
M —>■ A such that omIc ~ ^g- Furthermore, a is an affine morphism, 
and the scheme-theoretic fibers of a are normal varieties. The fiber at 
1 e A is Mafj, the unique irreducible, affine sub monoid of M with unit 
group Gaff, the kernel of a. See Theorem 12.21 below. 

The purpose of this paper is three- fold. First we identify 0{M) 
in terms of the structure of M and Mag, see Theorem 13.11 We then 
identify conditions under which [(9(M)] = [(9(G)], see Theorem I3.15[ 
Finally, we determine the conditions under which 0{M) = k (that is 
when M is an anti-affine algebraic monoid. Theorem 13. 191) . In order to 
establish our results we define the notion of a stable algebraic monoid 
(see Definition 13.91) . 

To obtain our main results we make use of the generalized Chevalley 
decomposition presented in [6], which states that, if M is an irreducible 
monoid then 

M = G *G^^ M^s, 

where Gag is the smallest affine algebraic group such that G/G^.^ is an 
abelian variety (see Theorem 12.21 below). This structural result allows 
us to present a Rosenlicht decomposition M = Gant *GaffnGant that 
generalizes the corresponding decomposition G = (Gant x Gag) / (Gag n 
Gant) of G, where Gant is the largest anti-affine subgroup of G. See 
[5] and Proposition 12.121 below. We then use this decomposition (of 
M) in Theorem O to calculate 0{M) in terms of 0{M^^) and H = 

Gaff n Gant- 

Next we identify a set of central idempotents e of M such that 
0{M) = 0{eM). But such an idempotent can be chosen so that eM 
is a stable monoid. Consequently, we reduce ourselves to the study of 
stable monoids, thereby obtaining a characterization of the algebraic 
monoids M such that 0{M) = k, the anti-affine algebraic monoids. 
See Theorem 13.191 

Let M be an anti-affine algebraic monoid and let e G E{M) be 
the minimum idempotent of M. In Theorem 13.211 we show that the 
retraction ie '■ M ^ eM, £e(^) = em, is Serre's universal morphism 
from M to a commutative algebraic group (see [T71 Thm. 8]). 
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We conclude the paper with Theorem 13.221 Here we show that there 
is an analogue of the Rosenlicht decomposition for a large class of nor- 
mal, algebraic monoids. In particular the fibre (p~^{l), of the canonical 
map if : M ^ Spec{0{M)), is an anti-affine monoid which we identify 
explicitly in terms of the internal structure of M. 

Acknowledgements: This paper was written during a stay of 
the second author at the University of Western Ontario. He would like 
to thank them for the kind hospitality he received during his stay. 

2. Preliminaries 

In this section we assemble some of what is known about algebraic 
monoids with nonlinear unit groups. These results are due to M. Brion 
and the second named author [SI El HI CS] • 

Definition 2.1. An algebraic monoid is an algebraic variety M to- 
gether with a morphism m : M x M ^ M such that m is an associative 
product and there exists a neutral element 1 G M. The unit group of 
M is the group of invertible elements 

G(M) = {geM:3g-\ gg^' = g~'g = l] . 

We denote the set of idempotent elements by E{M) = {e G M : = 
e}. 

It has been proved that G{M) is an algebraic group, open in M (see 
for example [H]). The structure of M is significantly influenced by the 
structure of G{M). For instance, the G{M) x G{M) action by left and 
right multiplication, (a, 6) ■ m = amb~^, has G{M) as open orbit and, 
if G{M) is dense in M, an unique closed orbit, which is the Kernel of 
M, i.e. the minimum, closed, nonempty subset / such that MIM C /. 

Recall that if G is algebraic group, then the Albanese morphism 
p : G ^ A{G) fits into an exact sequence 

1 -Gaff G — 

where Gaff is a normal connected afiine algebraic group (since the group 
A{G) is commutative, its law will be denoted additively). Moreover, 
Gaff is the smallest affine algebraic subgroup such that G/Gaff is an 
abelian variety. This structure theorem is originally due to Chevalley, 
but now there is a modern proof in [7] . Recently it has been generalized 
from groups to monoids. The following theorem is a summary of this 
development. 

Theorem 2.2 (Brion, Rittatore [S, El HI [IS]). Let M be a normal 
irreducible algebraic monoid with unit group G. Then M admits a 
Chevalley decomposition: 
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1 Maff = Gaff M = G — A{G) 

1 -Gaff ^G^r^AiG) -0 

where p : M ^ A{G) = G/G^e o^nd : G A{G) are the Alhanese 
morphisms of M and G respectively, and Mag is an affine algebraic 
monoid. □ 

Definition 2.3. Let G be an algebraic group, and let a closed subgroup 
H G G act on an algebraic variety X. The induced space G *h X 
is defined as the geometric quotient of G x X under the if-action 
h- ig,x) = {gh-^,h-x). 

Under mild conditions on X (e.g. X normal and covered by quasi- 
projective if-stable open subsets), this quotient exists. Clearly, G*hX 
is a G- variety, for the action induced by a ■ {g,x) = {ag,x). We will 
denote the class of {g, x) in G x X by [g, x] G G*hX. The fundamental 
properties of G *h X were established by Bialynicki-Birula in [T]. See 
also pjj. 

Remark 2.4. Let G be an algebraic group, and H G G a closed 
subgroup acting over an algebraic variety X. Then vr : G*hX G/ H, 
which is induced by {g, x) ^ gH, is a fiber bundle over G/ H, with fiber 
isomorphic to X. 

Theorem 2.5 (Brion, Rittatore, [SIE]). Let M be a normal algebraic 
monoid and let be the connected center ofG. Then A{G) = Z^/ (Zofl 
Gaff) and 

M = GM^s = Z^'M^s = G Maff = Z° *ZonG.«. Maff. 

Definition 2.6. If M is an algebraic monoid with unit group, we define 
the center of M be 

Z{M) = {z G M : zm = mz Vm G M}, 

the set of central elements. 

It is clear that Z{M) is a closed submonoid of M, with unit group 
G(Z(M)) = Z(G), the center of G. However, one should be aware 
that this monoid is not necessarily connected. Moreover, the following 
example shows that the Z{G) is not necessarily dense in Z{M). 

Example 2.7. Let r, s G N, r ^ s, and consider the affine algebraic 
monoid 

iV={(*;fO:t,aGk}. 
Then G{N) = {( *o ) : t G k* , a G k}. The center of G{N) is 
the finite subgroup 2{G) = {(g °) : t^ = t"*}. The center of N is 
Z{N) = Z{G) U {0}. However Z{G) ^ Z{N). 



THE RING OF REGULAR FUNCTIONS OF AN ALGEBRAIC MONOID 5 



In particular the zero matrix is a central idempotent which does not 
belong to Z{G). 

In what follows we collect some results about the Rosenlicht decom- 
position of an algebraic group G. This decomposition depicts G as the 
product of two subgroups, one affine and the other anti-affine. We refer 
the reader to [IB], [SI Sec. III. 3. 8] and [3] for proofs and further results 
about this decomposition. 

Definition 2.8. A connected algebraic group G is anti-affine if 0{G) = 
k. 

Remark 2.9. It is easy to see that any anti-affine group is commuta- 
tive. See for example [5], Lem. 1.1]. 

Theorem 2.10 (Rosenlicht decomposition). Let G be a connected al- 
gebraic group. Then 0{G) is a finitely generated algebra, in such a way 
that Spec ((9(G)) is an affine algebraic group. 

Let ipc '■ G Spec ((!?((?)) be the canonical morphism (the affiniza- 
tionj. Then Gant = Ker(y9G) is a connected subgroup, contained in 
the center of G. The subgroup Gant the largest anti-affine sub- 
group scheme of G. Equivalently, Gant is the smallest normal subgroup 
scheme of G such that G/Gzm, is affine. 

Moreover, G = GaffGant = (Gag X Gant) /(Gag n Gant), Onrf Gaff H Gant 

contains (Gant)aff o,s an algebraic group of finite index. □ 

In loose terms, an anti-affine algebraic group G is a non-split exten- 
sion of an abelian variety by an affine, commutative algebraic group. 
See |31 Thm. 2.7]. But in the case char(k) = p > the situation is con- 
siderably less complicated. Indeed we have the following simplifying 
result. See [5j Prop. 2.2]. 

Proposition 2.11 (Brion [5]). Let G be an anti-affine, connected al- 
gebraic group over an algebraically closed field k. // char(k) = p > 
then G is a semi-abelian variety, i.e. G is the extension of an abelian 
variety by an affine torus group. 

1 T G — A{G) 0. 

The following result generalizes Rosenlicht's decomposition to the 
case of algebraic monoids. It is essential for determining the ring of 
regular functions on an algebraic monoid. 

Proposition 2.12 (Rosenlicht decomposition for M). Let M be a 

normal irreducible algebraic monoid with unit group G. Then M = 

Gant *GaftnGant ^aff SO that 

M = Gant^aff = Gant *GaftnGant ^aff- 
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Proof. Since G = GantCas, it follows that M = GM^s = G^^.M^s- 
The morphism Gant x ^aff ~^ M {g, m) i-^ gm induces a surjec- 
tive morphism of algebraic monoids ip : Gant *GaffnGant ^afr M, 
(p[[g, m]) = gm. If a, 6 G Gant and m,n & Mag are such that am = bn, 
then b~^am = n. It follows from Theorem 12.51 that b~^a G Gag H Gant? 
and thus [a,m] = [6, n]; that is, is injective. Since y^l^ : G = 
G Gaflf — > G is an isomorphism and that M is normal, it follows 
from Zariski's main Theorem that (p is an isomorphism. □ 

Corollary 2.13. Let M he an irreducible, normal, algebraic monoid 
such that Maff is a monoid with zero 0. Then OM is the Kernel of M. 
Moreover, OM is an algebraic group, and 

OM = OG = OGant = Gant/(Gafr H Gant)- 

Proof By Proposition ElS, we have that OM = OGant Mag = OGant- In 
particular, OM is the image under the geometric quotient Gant x Afafr 
M = Gant *GaffnGant ^aff of the closcd Gant-orbit Gant X {0}, and hence 
is closed in M. Since is a central idempotent of M, it follows that 
OM is the unique (G x G)-closed orbit of M. Thus, by [HI Theorem 
1], OM is the Kernel of M. 

Since is central, it follows that OM = OGant is an algebraic group. 
Consider the multiplication morphism i : Gant ^ OGant, ^{g) = Og. 
Then 

rl(0) = {(?G Gant: 0(7 = 0} = (Gant)0. 

It follows that g G i~\0) if and only if [g, 0] = [1, 0] G Gant *GaftnGa„t 
Mafr; that is, if and only if (7 G Gafr H Gant- Since £ is a separable 
morphism, it follows that OGant — (Gag H Gant)- D 

3. The algebra of regular functions of M 

The following Theorem is the key to understanding the ring of regular 
functions on an algebraic monoid. 

Theorem 3.1. Let M be a normal algebraic monoid. Then 0{M) = 
C(Mafr)^-ff'^^-*. 

Proof By Proposition EM it follows that M ^ Gant *GaffnGant ^as, 
and hence Gant x M^s ^ M is a geometric quotient. Thus 

0{M) = 0(Gant X Maff)''^"''^''^" = 

(C)(Gant)®0(Mafr))''^"'"''^" = 
C(Maff)'^^"*"^^«', 

where for the last equality we used that (9 (Gant) = Ik. □ 

Corollary 3.2. Assume that char(k) = p > 0. Then 0{M) is a finitely 
generated algebra. 
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Proof. Indeed, by Proposition I2.1H it follows that (Gafr H G'ant)°, the 
connected component of the identity, is a torus, and hence 0{M) = 
C(Mafr)'^^«"'^^"' is a finitely generated algebra. □ 

Theorem 3.3. Let M be a normal algebraic monoid and let e G E{M) 
be a central idempotent. Let Mg = {m G M : me = e} and let Ge = 
{g G G{M) : ge = e}. Then (1) M^, = G^., and Mf. is an irreducible 
algebraic monoid, with unit group G^ C Gaff- In particular, Ge and 
are affine. 

(2) The subset eM G M is an algebraic monoid, closed in M. The mor- 
phism if. : M —>■ eM, m \—>- em, is a morphism of algebraic monoids, 
with Me = i-\l). 

(3) The unit group of eM equals G{eM) = eG. Moreover, (e(j)aff = 
e(G'afT) and (eG')ant = (eGant)- In particular, the Chevalley decompo- 
sitions of eM and eG = G{eM) fit into the following commutative 
diagram of exact sequences 

1 ^ eMaff ^ eM A{G) ^ 

1 eGaff eG —r^ A{G) 



where eM.^Q = eG-^s = eGafr, and eM = eG. 

(4) eM = Ga„teM,ff ^ Ga„t ^G^gnGant eM.,s ^ eGant *eG^sneG^^, eMaff. 

Proof. (1) Since M is normal at e, it follows by [U Corollary 2.2.5] that 
Me is an irreducible algebraic monoid, with unit group Gg. 

Since M = G Mag, it follows that if ge = e, then [g, e] = [1, e], 
and hence g G Gag, i.e. Ge C Gag. 

(2) Since eM = {x G M : xe = e}, it is clear that eM is a closed 
subset. Hence, eM is an algebraic monoid and ie '■ M ^ eM, ie{rn) = 
em, is a morphism of algebraic monoids. 

(3) Since : M ^ eM is a surjective morphism of algebraic monoids, 
it follows that G(eM) = eG. In particular, G — > eG is a surjec- 
tive morphism of algebraic groups, and hence, by [21 Lemma 1.5], 
eGant C (eG)ant- It is clear that eGaff C (eG)aff and (eGaff)(eGant) = 
eG. Hence, eG/eGant — eGaff /(eGag H eGant) is an affine algebraic 
group, since eGag H eGant is a central subgroup of eGag. It follows that 
(eG)ant C eGant- On the other hand, it is clear that eGaff is a normal 
subgroup of eG, and the morphism G eG/eG^s, g ^— eg{eGas), 
induces a surjective morphism G/Gg^s eG/eGg^g. It follows that 
eG/eGss is an abelian variety and hence eGaff = (eG)aff. 
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Finally, since eG = G/Ge, and Gg C G^k, it follows that A{eG) = 
eG/ (eGaflf) — G/G^s = A{G), with the Albanese morphism fitting into 
the following commutative diagram 



G -eG 



A{G) = G/G^s ^ A{eG) = eG/{eGU 



where (f : eG/(eG)afr = (G/Ge)/(G/Ge)afr G/G^e is the canonical 
isomorphism obtained by observing that (G/Ge)afr = Ggs/Ge- 

(4) follows from the description above and Proposition 12.121 □ 

Remark 3.4. Let M be a normal affine algebraic monoid and let e G 
E{M) be a central idempotent. Then l^. : M ^ M, ie{^) = em, is 
such that ieoie = ie- In other words, ip* : 0{eM) — > 0{M) is a section 
for the canonical surjection 0{M) 0{eM). 

Corollary 3.5. Let M be a normal algebraic monoid and let e G E{M) 
be a central idempotent. Then 0{M) = 0{eM) © X(eMaff)'^='"*'^'^='ft . In 
particular, if e e E(G~^f\G~^, then 0{M) = 0{eM). 

Proof. Indeed, by Theorem 13.11 it follows that 

0{M) = C(Maff)^^"'"^^« = 

(0(eMaff)©J(eMafr))''^"'^''^'^ = 
C(eMafr)^^"*"^^ff ©X(eMaff)^""*"^^'^ = 
O(eM) ©X(eMaff)^^-^'''^^«. 

Assume now that e G ^(Gant n Gaff) and let / G 0(eMaff)^-*"^-«. If 
X G M, then f{x) = f{g-x) for all g G GantHGaff. It follows that /(x) = 
f{ex), since e G Gant H Gaff. In particular, if / G J(eMaff)'^='"'"'^='ff , then 
f ix) = /(ex) = for all x G M. □ 

Remark 3.6. The reader should notice that 

-E'(Gant n Gaff) = -E(Gant)- 

Indeed, it follows from [5, Prop. 3.1] that (Gant)aff C Gaff n Gant- Since 
E{N) C Ai'aff for any algebraic monoid ([6l Cor. 2.4]), it follows that 
-E'(Gant) C i?(Gant H Gaff), the other inclusion being obvious. 

Definition 3.7. An algebraic monoid M is anti-affine if 0{M) = k. 

Let M be an algebraic monoid such that G(M) is an anti-affine 
algebraic group. Then M is anti-affine. The converse is not true, as 
the following example shows. 
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Example 3.8. Let T = k* x k* be an algebraic torus of dimension 
2, and consider the affine toric variety T C A^. Then is an affine 
algebraic monoid with unit group T. Let A be a non-trivial connected 
abelian variety and consider an extension 

k* = Ti H A 

of algebraic groups such that H is anti-affine. Let G = [T x H)/Ti, 
where Ti "-^ T x H, t (t,t). Then Gaff = T, Gant = H, and 

Gaff n Gant = Ti = {{t,t) : t E k*} C T . 

The quotient M = (A^ x H)/Ti is an algebraic monoid with unit 
group G and with M^q = A^. Thus 

0(M) = C(Mafr)^^«"^^"' = k[x,yf' = k. 

Hence, M is an anti-affine algebraic monoid while G(M) is not an 
anti-affine algebraic group. 

Definition 3.9. Let G be an algebraic group and X be a G-variety. 
We say that the action is generically stable (equivalently that X is a 
generically stable G-variety) if there exists an open subset consisting 
of closed orbits. We say that an algebraic monoid M is stable if it is 
generically stable as a (Gaff H Gant) -variety. 

Remark 3.10. (1) Recall that any regular action is such that there 
exists an open subset of orbits of maximal dimension. Hence, an action 
G X X ^ X is generically stable if and only if the set of orbits of 
maximal dimension contains an open subset consisting of closed orbits. 

(2) If M is an algebraic monoid, then M is stable if and only if GaffflGant 
is closed in M. Indeed, the coset giGa^^ fl Gant), G G, is closed in M 
if and only if Gaff H Gant is closed in M. 

Definition 3.11. Let G be an affine algebraic group acting on an affine 
variety X. We say that the action is observable if for every non-zero 
G-stable ideal / C C(X), ^ (0). Here we consider the induced 
action G x 0{X) ^ C(X), (a ■ f){x) = f{a-^x), for all a G G, x G X, 

The concept of observable action is a generalization of the notion 
of observable subgroup. Observable subgroups were introduced by 
Bialynicki-Birula, Hochschild and Mostow in [2] and have been re- 
searched extensively since then, notably by F. Grosshans (see (TU] for 
a survey on this topic). Given an affine algebraic group G, a closed 
subgroup if C G is said to be observable if G/H is a quasi-affine alge- 
braic variety. The equivalent definition of H being observable if every 
nonzero if-stable ideal I C 0{G) has the property that l'^ ^ (0), was 
first recorded in [9j, and then further generalized in p!3]. We present 
here some of the basic results that we need in what follows. We include 
some of the proofs here for convenience. 
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Theorem 3.12. Let G be an affine group acting on an affine variety X. 
Then the action is o bservable if and only if (1) [0{X)\ = [0{Xf] 
and (2) Vt[X) contains a nonempty open subset. 

Proof. We will only prove that if the action is observable then condi- 
tions (1) and (2) hold. We refer the reader to [T3l Thm. 3.10] for a 
complete proof. 

Clearly [0{X)^] C [0{X)\^ . Let g G [C(X)]^, and consider the 
ideal J = {/ G 0{X) : fg G 0{X)]. Clearly / is G-invariant, and 
hence there exists / G 0{X)'^ such that fg G O(X)'^. 

Let now Xmax be the (open) subset of orbits of maximal dimension 
and let Y = X\Xjnax- Let 7^ / G I(Y)'^. Then the affine open subset 
Xf is is G-stable subset contained in Xjnax- Let O C Xj be an orbit. 
Since every orbit is open in its closure, it follows that if O ^ O then 
C n F 7^ 0. Since / is constant on the orbits, it follows that f\o = 
and hence O G Y, that is a contradiction. □ 

In [13] the reader can find examples showing that both conditions 
(1) and (2) of Theorem 13. 121 are necessary. However, for some families 
of algebraic groups, generic stability of the action implies observability. 
This is the case when G is a reductive group (see ^L3\ Thm. 4.7]), or 
when G = U x L, where L is reductive and U is unipotent. 

Proposition 3.13. Let G be an affine algebraic group with Levi de- 
composition G = L X U , as above. Assume that X is a generically 
stable affine G-variety. Then the action is observable. 

Proof Let / C 0(X) be a non-zero G-stable ideal. Then V(/) ^ 
is a proper closed subset. Since there exists a open subset of closed 
orbits, then there exists a closed orbit Z such that Z fl V(/) = 0. 
Since L is reductive and that Z is L-stable, it follows that there exists 
/ G 0{X)^ such that / G /, f\^ = 1. Hence, ^ (0). Since U 
normalizes L, it follows that lr\0{X)^ 7^ {0} is an [/-submodule, and 
hence = {I^f ^ (0). □ 

Proposition 3.14. Let M be a stable algebraic monoid, with G{M) 
an anti-affine algebraic group. Then M = G{M). 

Proof. If G = G(M) is anti-affine, then Gafr = GafrnGant, and since M 
is stable, it follows that M^s = Gafr = Gafr n Gant = Gafr n Gant = Gafr- 
Hence M = GM^s = GG^s = G. □ 

Theorem 3.15. Let M be a stable normal algebraic monoid. Then 
[0{M)] = [0{G)] . 

Proof TheoremOguarantees that [0{M)] = [0{M^{i)'^-«^^-'''] . Since 
M is stable then, by Proposition 13.131 and Theorem I3.12[ it follows 
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that [0{M)] = [O(Maff)]'^'''''^'"*. But M^g and GaS being affine va- 
rieties, it follows that [0{M)] = [0{G^s)f^''''^^^\ Now, applying the 
same reasoning to the algebraic group G, we obtain that [(9(M)] = 
[0(Gafr)^^«^^--] = [0(G)] . □ 

Corollary 3.16. Let M be an stable monoid. If M is anti-ajfine, then 
M is an (anti-ajfine) algebraic group. 

Proof. By Theorem I3.15[ it follows that G = G(M) is an anti-affine 
algebraic group. Hence, by Proposition I3.14[ it follows that M = 
G. □ 

Proposition 3.17. Let M be a normal algebraic monoid and let e G 
E{M) be a central idempotent. Then eM is stable if and only if ef = e 
for all f E -E(Gant) ■ In particular, eM is stable if and only if efo = e, 
where /o G -E'(Gant) is the minimum idempotent. 

Proof. We begin by recalling that -E'(Gant) = -E'(Gafr H Gant) (see Re- 
mark lH^ . Let e G E{M) be a central idempotent. It follows from The- 
orem l3.3l that G(eM) = eG, and that (eG)afr fl (eG)ant = e(GafrnGant)- 
Since Ll cgneG^nt ■ <^aff H Gant e(GafrnGant) IS a surjective mor- 
phism of algebraic monoids, it follows from [T2l Corollary 3.9] that 



^((eG)aff n (eG)ant) = eE(Gaff n Gant), 



Since e G ei?(Gaflf H Gant), it follows that eM is stable if and only if 
ef = e for all / G E{G^^nG^t) ■ 

Let now GafrflGant = TU be a Levi decomposition. Since GaffflGant is 
commutative, it follows that E(GaE H Gant) = E{T)- Indeed, if follows 
from m Prop. 3_13] that ^(GafrHGant) = U,6G.«nG.„. ^?^(^)^?"' = 
E{T). Let fo E T the unique minimal idempotent; i.e. /o is unique 
idempotent in the Kernel of the affine toric variety T — the existence of 
/o follows from the fact that there exists a finite number of idempotents 
elements on T. It is clear that e/o = e if and only if e/ = e for all 

/GE(GaffnGant). □ 

Remark 3.18. Observe that, if we keep the notations of the proof of 
Proposition I3.17[ then /q is the unique idempotent in -E'(Gant) such 
that /qM is an stable monoid. Moreover, /q is the maximum central 
idempotent for which /qM is a stable monoid. 

We now characterize normal, anti-affine, algebraic monoids. 

Theorem 3.19. Let M be a normal algebraic monoid. Then M is 
anti-affine if and only if eM is an anti-affine algebraic group, where e 
is the unique minimal idempotent of Gant ( equivalently, e is the unique 
minimal idempotent of G^s HGantj- In particular, e is the minimum 
idempotent of M. 
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Proof. Firs of of, we recall that i?(Gafr H Cant) = -^(Gant) (see Remark 
EE) and that C(M) = O(eM) (see Corollary EIH]). Since by Proposition 
13.171 eM is an stable algebraic monoid, if follows from Corollary 13.161 
that 0{eM) = k if and only if eM is an anti-affine algebraic group. 

Finally, since eM is a group, it follows that E{eM) = e, and hence 
e/ = e for / G E{M). □ 

The following examples indicate why, in Theorem 13.191 one must 
focus on the idempotents of E (GaS H Cant) , rather than just any central 
idempotent. 

Example 3.20. (1) Let N be an affine monoid of dimension dim > 1 
with zero element On- Then Oat is a central idempotent of A^. Let H 
be any anti-affine algebraic group. Then M = N x H is such that 
0{M) = 0{N), while OnM = if is an anti-affine algebraic group. 
Observe that Oat is the minimum idempotent of M. 

Here, M,s = N x H^^, G{M)^^ = G{N) x H,s and G'(M)ant = 
{1 } X ffant- Hence G {M)^s n G'(M)ant = {1} x H^s, and thus ^ 

£;(G(M)affnG'(M)ant). 

(2) Let be an irreducible affine monoid, with zero element Oat, such 
that On ^ ^{G) (take for example as in example 12. 7p . Let M be an 
algebraic monoid such that Mag = A^. Then, OnM = OArG'(M)ant — 
G{M)s,nt/ (G'(M)ant)Q^ is an anti-affine algebraic group (see for example 
[3, Lemma 1.3]), whereas 0{M) = C)(iV)'^(^)"'2(^)--t is not necessarily 
equal to the field k. 

We now show that if M is anti-affine, then : M ^ eM is Serre's 
universal morphism from the pointed variety (M, e) into a commutative 
algebraic group. See [TTl Thm. 8] and [5^ §2.4] for some basic properties 
of this morphism. 

Theorem 3.21. Let M be a normal anti-affine algebraic monoid, and 
let e G E{M) be its minimum idempotent. Then i^. : M ^ eM is 
Serre 's universal morphism from the pointed variety (M, e) into a com- 
mutative algebraic group. In particular, Serre's morphism fits into the 
following short exact sequence of algebraic monoids. 

1 ^ Me ^ M ^ eM ^ 1 

Proof. Let a : M S he Serre's universal morphism from the pointed 
variety (M, e) into a commutative algebraic group. Since M is anti- 
affine, it follows that S is necessarily an anti-affine algebraic group (see 
for example [5], §2.4]). Moreover, it follows from Theorem 13.191 that eM 
is an anti-affine algebraic group. Thus we have a commutative diagram 
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Since ip{Os) = e, it follows that (f is a morphism of algebraic groups 
(see for example [5l Lem.1.5]). Consider the associated short exact 
sequence 

(3.1) ^A^ ^S-^eM ^0 

Since eM is anti-afiine with a{e) = O5, it follows that cr|^j,^ : eM S 
is a morphism of algebraic groups. Moreover, we have the following 
commutative diagram 



eM 

OleM 



M 



S 



01 M 



as 



A{eM) = A{G) A{M) = A{G) A{S) 

Let 7 : A{eM) — > A{S) be the composition of the horizontal arrows. 
Then 7 is a surjective morphism of algebraic groups. In particular, 
dim^(^) < dim^(eM). 

On the other hand, ipoa = £e : M ^ eM, and thus cr|^^^ is a splitting 
for the exact sequence (13. ip . It follows that S = eM x A^, and we have 
the following commutative diagram 







eM 



S = eM xN 



N 







as 



0!N 



A{eM) 



AiS) 



AN) 



It follows that -f{A{eM)) C /9"^(0). Hence, 

dim A{S) < dim^(eM) < dim^(^) - dim^(A^). 

where the second inequality follows from Chevalley's theorem on the 
dimension of the fibers of a morphism. Thus, equality holds and 
dim^(A^) = 0. It follows that is an irreducible affine algebraic 
group. Since k = 0{S) ^ C(eM) 0{N) = 0{N), it follows that N 
is a point, and thus S = eM. □ 

We conclude this paper by extending the Rosenlicht decomposition 
of algebraic groups (0, Prop. 3.1]), to the setting of algebraic monoids. 

Theorem 3.22. Let M be a normal algebraic monoid, with unit group 
G, and let e G -E'(G'ant) be the minimum idempotent of Ga.nt- Assume 
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that 0{M) is finitely generated. Then MgCant is an anti-affine alge- 
braic monoid, and the sequence 

1 MeGant M — Spec(0(M)) 

is an exact sequence of algebraic monoids, with ip a dominant mor- 
phism. 

Proof. Since 0{M) is finitely generated, it follows that = Spec(C(M)) 
is an algebraic monoid. Moreover, the canonical morphism ip : M ^ N 
is a morphism of algebraic monoids. If we let S = ip~^{l), then we have 
the following commutative diagram. The top row is exact and the bot- 
tom row is left exact. 

1 Cant G Spec(C»(G')) 1 

1 S M — N = Spec(C(M)) 

Since M = Ga„tMaff = Cant *G.ffnGant ^aff (Proposition [212]) and 
0{M) = 0{M^s)^-«'^^^''' (Theorem [3II]), it follows that the restriction 
morphism (pIm^s is induced by the inclusion (^(Maff)*^''*^'""-^^'"' C (9(Maff). 
In particular, v^|Ma,ff is dominant and the following diagram is commu- 
tative 

1 5- M N = Spec(0(M)) 

Gaff n Gant^ Maff ^N = SpCC ((9(Maff )^^«"^^- ) 

Assume that M is a stable algebraic monoid. Then Gaff H Gant is 
a commutative closed normal subgroup of Mafr, and hence it follows 
from Proposition 13.131 that G^s H Gant is observable in Mag. It fol- 
lows from [13., Thm.3.18] that the affinized quotient v^lA/aa • ^aff — 
Spec((9(Mafr)'^''*f'~"^="'') = is such that there exists an open subset 
U (Z N so that {p>\M^fi)~^{u) is a closed Gaff H Gant-orbit for all u E U. 
We claim that this implies that {ip\M^ff)~^{iN) = Gag H Gant- Indeed, 
observe that since Gaff fl Gant is normal in M, it follows that ^pIm^b is 
(G X G)-equivariant. It suffices now to recall that M = GantMas, and 
thus 

V5~"^(lAf) = Gant(V'|Maff)""^(lAf) = ^ant- 

Since M is stable, e = 1, and thus MgGant = Gant- 

If M is not a stable monoid, let e G £'(Gant) be the minimum idem- 
potent. Then by Corollary [33] it follows that 0(M) = C(eM). One 
then concludes from (the proof of) Corollary 13.51 that v^leM : eM 
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= Spec((9(eM)) is the affinization morphism of eM. Recalling that 
G(eM)ant = eGant, it follows that eM is stable that we have an exact 
sequence 

1 eGant eM — Spec(0(eM)) 

that fits into the following commutative diagram of algebraic monoids, 
where the vertical sequence in the center is exact. 



M, 



1 S M Spec(0(M)) 



1 ^eG 



ant 



eM— -Spec(0(eM)) 







It follows that S = C^(eG'ant) = MgCant- 

To complete the proof we observe that G{S) = GgCant, with C 
Gaflf- Hence G{S)ant = Cant- Since e is the minimum idempotent of the 



closure Gant C M, it follows that e is also the minimum idempotent of 
the closure Gant C MgGant- It suffices now to observe that e(MeGant) = 



eGant, and then apply Theorem 13.191 



□ 
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